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ABSTRACT

A relevant property of equifocal submanifolds is that their parallel sets are
still immersed submanifolds, which makes them a natural generalization
of the so-called isoparametric submanifolds. In this paper, we prove that
the regular fibers of an analytic map = : M™% — B¥ are equifocal
whenever M™1* is endowed with a complete Finsler metric and there
is a restriction of 7 which is a Finsler submersion for a certain Finsler
metric on the image. In addition, we prove that when the fibers provide
a singular foliation on M™t¥  then this foliation is Finsler.

1. Introduction

Roughly speaking, as the name might suggest, an equifocal submanifold L in
a Riemannian manifold M is one whose “parallel sets” are always (immersed)
submanifolds, even when they contain focal points of L (see the formal definition
below).

From Somigliana’s article on Geometric Optics in 1919, and Segre and Car-
tan’s work in the 1930s to the present day, this natural concept received different
names and was treated in different ways, but it has been playing an important
role in the theory of submanifolds and problems with symmetries; for surveys
on the relation between the theory of isoparametric submanifolds and isometric
actions see Thorbergsson’s surveys [41, 42, 43] and for books on these topics
see, e.g., [4, 11, 35].

Isoparametric submanifolds and regular orbits of isometric actions are exam-
ples of equifocal submanifolds. Both kinds of submanifolds are leaves of the
so-called singular Riemannian foliations (SRF for short), i.e., singular foliations
whose leaves are locally equidistant; see e.g., [5]. On the other hand, the regu-
lar leaves of an SRF are equifocal (see [6]). Therefore, so far, equifocality and
SRF’s are closely related.

Also over the past decades, important examples have been presented as a
pre-image of regular values of analytic maps; see [15] and [38]. And there are
good reasons for that. For example, as proved in [30], the leaves of SRF’s with
closed leaves in Euclidean spaces are always pre-images of polynomial maps.

Several problems related to symmetries and wavefronts presented in Riemann-
ian geometry are also natural problems in Finsler geometry. For example, the
Finsler distance (a particular case of transnormal functions) has been used to
model forest wildfires and Huygens’ principle; see [32] and also [12, 26]. This is
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one of the several motivations for a recent development of Finsler’s isoparamet-
ric theory, and again isoparametric and transnormal analytic functions naturally
appear; see [2, 13, 19, 20, 21, 22, 47]. For other applications see [14].

Very recently we have laid in [3] the foundations of the new theory of singular
Finsler foliations (SFF), i.e., a singular foliation where the leaves are locally
equidistant (but the distance from a plaque or leaf L, to L; does not need to
be equal to the distance from a plaque or leaf L to L,); see Lemma 2.5. The
partition of a Finsler manifold into orbits of a Finsler action is a natural example
of SFF. We have also presented non-homogeneous examples using analytic maps
[3, Example 2.13]. Among other results, we proved the equifocality of the regular
leaves of an SFF on a Randers manifold, where the wind is an infinitesimal
homothety. Nevertheless, to prove the equifocality of the regular leaves of an
SFF in the general case becomes a challenging problem, presenting new aspects
that did not appear in the analogous problem in Riemannian geometry.

For all these reasons, it is natural to ask if we can prove the equifocality of
leaves of SFF’s described by analytic maps. In this article, we tackle this issue
proving it under natural conditions. During our investigation we generalize some
Riemannian techniques (like Wilking’s distribution) and obtain some results
that, as far as we know, do not appear in the literature even in the Riemannian
case.

Throughout this article, (M, F) will always be a complete analytical Finsler
manifold.

In order to formalize the concept of “parallel sets” and equifocality, let us
start by recalling the definition of equifocal hypersurfaces.

Let L be an (oriented) hypersurface with normal unit vector field £ (in the
non-reversible Finsler case, there could be two independent normal unit vector
fields to L). We define the endpoint map 7 : L — M as

¢ (P) = Ve, (1),
where 7¢, is the unique geodesic with ¢ (0) = &,. In this case the parallel sets
are
L, =ng(L).

The hypersurface L is said to be equifocal if dn; has constant rank for all .
From the constant rank theorem, it is not difficult to check that if L is compact,
then the parallel sets L, are immersed submanifolds (with possible intersec-
tions).
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If the codimension of L is greater than 1, we need to clarify which normal
unit vector field ¢ along L we consider as there are many different choices. We
will follow the same approach as in the Riemannian case.

When L is a regular leaf of an SFF denoted by F (i.e., L has maximal
dimension), there exists a neighborhood U (in M) of the point p € L and a
Finsler submersion p : U — S so that Fy = F N U are the pre-images of
the map p. In this case, £ can be chosen as a projectable normal vector field
along L N U with respect to p, i.e., an F-local basic vector field. Now, we
say that L is an equifocal submanifold if, for each local F-basic unit vector
field ¢ along L, the differential map dng¢ has constant rank for all r.

Finally when 7 : M — B is an analytic map, ¢ is a regular value and
L = 7 1(¢), &€ can be chosen as a basic vector field along L, i.e., m-basic. Once
we want to consider “parallel sets” of codimension bigger than one, it is natural
to expect that at least near L the fibers are equidistant. Therefore, in this case
we will demand that there exists a saturated neighborhood U of L where 7 is
regular and the fibers of 7 restricted to U are the leaves of a regular Finsler
foliation. In other words, the restriction 7 : U — =n(U) C B is a Finsler
submersion for some Finsler metric on ﬂ((} ). With this assumption, we will
say that L = 7~ !(c) is an equifocal submanifold if for each 7-basic unit vector
field § along L, the differential map dng has constant rank for all r. Observe
that in this definition, the partition F, = {7~ 1(¢)}.cp of M by the fibers of
is not required to be a singular foliation.

THEOREM 1.1: Let (M, F') be an analytic connected complete Finsler manifold
and m : M™% — B* an analytic map between analytic manifolds. Assume
that the pre-image 7—1(d) is always a connected set and that there exists an
open subset U where 7 is regular and such that F|y is a Finsler foliation. We
have that:

(a) If ¢ € 7~ (c) is a regular point (i.e., dm, is surjetive), then all points
of m™1(c) are regular, i.e., ¢ is a regular value, and the restriction of Fy
to the set of regular points of 7 is a Finsler foliation.

(b) Each regular level set m—1(c) is an equifocal submanifold. In addition,
the image of the endpoint map 1 : 7 "(c) — M (for r and £ fixed) is
contained in a level set.

(¢c) If Fr is a smooth singular foliation, then F is a singular Finsler folia-
tion.
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Remark 1.2: Ttem (a) shows how the hypothesis influences the singular fibers.
In fact, consider f : R? — R defined as f(z1,22) = z122. Note that f~1(0) is
the stratified set {z2 = 0} U {1 = 0}. Also note that each point p € f~1(0)
different from (0, 0) is a regular point, i.e.,

Vf(p) # (0,0).
In other words, in this very natural and simple example item (a) is not fulfilled.

Remark 1.3: In the particular case that the partition of the pre-images of 7 is
already a submetry, and M is Riemannian, then the proof of equifocality follows
from [33, Section 3.4]. For other important results on Riemannian submetries
see [28].

There are a few interesting open questions. The first one is under which
hypotheses can one ensure that the singular set is not just a stratification,
but a submanifold. This problem was solved in [2], in the case where the
map was an analytic function f : M — R. The second question is even when
the singular sets are submanifolds, and the fibers are equidistant, under which
conditions F, = {7~ !(c)}ecen will be a smooth singular foliation, i.e., for each
p € m1(d) and v € T,(7*(d)), there is a smooth vector field X tangent to the
fibers with

X, = .

This paper is organized as follows. In §2, we briefly review a few facts on
Finsler geometry and Finsler submersions. In §3, we review the construction
of Wilkings’ distribution in the Finsler case. In §4, we present the proof of
Theorem 1.1. In §5, we discuss the definition of the curvature tensor (related
to the definition of Jacobi tensor presented in §2) and some proofs of results
(presented in §3) on Jacobi fields. In this way, we hope to make the paper
accessible also to readers without previous training in Finsler geometry, or who
are more interested in understanding the Riemannian case of the theorem.

ACKNOWLEDGEMENTS. We are very grateful to Prof. Daniel Tausk (IME-USP,
Sao Paulo, Brasil) for explaining some aspects of the theory of Morse-Sturm
systems to us. We also thank the anonymous referee for carefully reading our
manuscript and for several suggestions that have improved the quality of the

paper.



6 M. M. ALEXANDRINO, B. ALVES AND M. A. JAVALOYES Isr. J. Math.

2. Preliminaries

In this section we fix some notations and briefly review a few facts about Finsler
Geometry that will be used in this paper. For more details see [9, 40, 39].

2.1. FINSLER METRICS. Let M be a manifold. We say that a continuous func-
tion F': TM — [0,400) is a Finsler metric if
(1) F is smooth on TM \ O,
(2) F is positive homogeneous of degree 1, that is, F'(Av) = AF(v) for every
ve€TM and A > 0,
(3) for every p € M and v € T,M \ {0}, the fundamental tensor of F'
defined as

go(u,w) = 3519s (v + tu + sw)|i=s=o

for any u,w € T,M is a nondegenerate positive-definite bilinear sym-
metric form.
In particular, if M is a vector space V, and F : V — R is a function smooth
on V'\ {0} and satisfying the properties (2) and (3) above, then (V, F) is called
a Minkowski space.
Recall that the Cartan tensor associated with the Finsler metric F' is defined

as

1 o
C’U 5 5 . i | |s1=s82=s3=
(wr, w2, ws) = 7 D5205200. (v + Zs w; ) 5=0

for every p € M, v € T,M \ 0, and wy, ws, w3 € TpM. By the homogeneity
of F', it holds that

Cy(v, w1, wa) = Cy(wy,v,w2) = Cy(wr,ws,v) = 0.

2.2. THE CHERN CONNECTION AND THE INDUCED COVARIANT DERIVATIVE.
In §5.1, we will discuss the concept of anisotropic connection, which means that
the Christoffel symbols are functions on the tangent bundle. Here we just briefly
review the concept of Chern connection associated with a Finsler metric as a
family of affine connections VY, with V a vector field without singularites on
an open subset Q (see [40, Eq. (7.20) and (7.21)] and also [23]):

(1) VV is torsion-free, namely,
VY — VYV X = [X,Y]

for every vector field X and Y on {2,
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(2) VV is almost g-compatible, namely,
X gv(Y,2) = gv(VYY,Z2) + gv (Y, VX Z) + 20y (VX VY, Z),

where X, Y, and Z are vector fields on open set €2 and gy and Cy are
the tensors on Q such that (gv), = gv, and (Cy), = Cy, .

It can be checked that the Christoffel symbols of VY only depend on Vp at
every p € M, and not on the particular extension of V. Therefore, the Chern
connection is an anisotropic connection. Moreover, it is positively homogeneous
of degree zero, namely, V** = V? for allv € TM \ 0 and A > 0. For an explicit
expression of the Christoffel symbols of the Chern connection in terms of the
coefficients of the fundamental and the Cartan tensors, see [9, Eq. (2.4.9)].
The Chern connection provides an (anisotropic) curvature tensor R, which, for
every p € M and v € T,M \ {0}, determines a linear map

Ry : T,M x T,M x T,M — T,M.

The Chern curvature tensor can be defined using the anisotropic calculus as in
Equation (5.2), or in coordinates, with the help of the non-linear connection
(see [10, Eq. (3.3.2)]). Given a smooth curve v : I C R — M and a smooth
vector field W € X(v) along v without singularites, where X(7) denotes the
smooth sections of the pullback bundle v*(T M) over I, the Chern connection
induces a covariant derivative DI;V along v, such that
(DY X)(t) = Vi )X,

with the identification X (t) = X, when X € X(M). If the image of the
curve is contained in a chart (2, ) (using the Christoffel symbols introduced
in Equation (5.1)) the covariant derivative is expressed as

Y0 =3 (K0 + X X7 Or,we)a.
k=1 i,j=1
where X, W € X() and X'(¢) and 4!(t) are the coordinates of X (t) and 5(t),
respectively, for ¢ € I. When 4(¢) # 0 for all ¢ € I, we can take as a reference
vector W = 4. In such a case, we will use the notation X’ := D;YX whenever
there is no possible confusion about ~.
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2.3. GEODESICS AND JACOBI FIELDS. We will say that a smooth curve
v:ICR— M is a geodesic of (M, F) if it is an auto-parallel curve of the
covariant derivative induced by the Chern connection, namely, Djf'y = 0. Given
a vector v € TM \ 0, there is a unique geodesic 7, such that 4, (0) = v.

When we consider a geodesic variation of 7, it turns out that the variational
vector field J is characterized by solving the differential equation

(2.1) J"(t) + Ry (J (1) =0,

where, for every pe M and v €T, M\ {0}, we define the operator R,, : T, M—T, M
as

R, (’LU) =R, (’LU, U)’U

for every w € T,M (see, for example, [25, Prop. 2.11]). Given a geodesic v, the
operator s, defined for vector fields along <y, and the solutions of Equation
(2.1) are known, respectively, as the Jacobi operator of v, and the Jacobi
fields of ~.

When we consider a submanifold L, the minimizers from L are orthogonal
geodesics (see [8]), and variations of orthogonal geodesics will be given by L-
Jacobi fields, which will be introduced below. First let us define orthogonal
vectors. Given a submanifold L C M, we say that a vector v € T, M, withp € L,
is orthogonal to L if g,(v,u) = 0 for all w € T,L. The subset of orthogonal
vectors to L at p € L, denoted by v,L, could be non-linear, but it is a smooth
cone (see [27, Lemma 3.3]). We say that a geodesic v : I — M is orthogonal
to L at to € I if 4(¢o) is orthogonal to L.

Definition 2.1: Let L be a submanifold of a Finsler manifold (M, F) and
v : [a,b) = M a geodesic orthogonal to L at p = y(a). We say that a Jacobi
field is L-Jacobi if

e J(a) is tangent to L,
® Si(a)J(a) = tanyqy J'(a),
where S; : T, — T}, L is the shape operator defined as

Sy(u) = tanﬁ@vZ(a)g,

with & an orthogonal vector field along L such that &, = 4(a) and tan ), the
95(a)-orthogonal projection into T}, L. An instant ¢; is called L-focal (and (1)
a focal point) if there exists an L-Jacobi field J such that J(¢1) = 0.
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One can check that the shape operator is symmetric since the connection is
symmetric (recall [27, Eq. (16)]). Observe that to compute tanﬁ(a)vz(a)f, one
formally needs a vector field ¢ along L which extends &, but it turns out that
this quantity does not depend on the chosen extension, but only on ¢, (see [27,
Prop. 3.5]).

2.4. GEODESIC VECTOR FIELDS. As we have stressed in §2.1, all the computa-
tions at a direction v € T, M \ {0} can be made using a vector field V' without
singularites defined on some neighborhood 2 of p € M with the affine con-
nection VY. The choice of this V is arbitrary, so, for example, it is possible
to choose V' such that Vi,V = 0 for all w € T,M (see [25, Prop. 2.13]). As,
in this work, we will deal mainly with geodesics, it will be particularly conve-
nient to choose a geodesic vector field V. In such a case, it is possible to relate
some elements of the Chern connection with the Levi-Civita connection of the

Riemannian metric gy .

PROPOSITION 2.2: Let V' be a geodesic field on an open subset U C M and
g = gy denote the Riemannian metric on ) induced by the fundamental ten-
sor g, and let V and R be the Levi-Civita connection and the Jacobi operator
of g, respectively. Then, for any X € X(Q),

(i) VxV = VXV and Vv X = VI X,

(ii) RyX = Ry X.
As a consequence, the integral curves of V' are also geodesics of g, and the Fins-

lerian Jacobi operator and Jacobi fields along the integral curves of V' coincide
with those of g.

A proof of this result can be found in [39, Prop. 6.2.2] and also in [25,
Prop. 3.9].

2.5. FINSLER SUBMERSIONS AND FOLIATIONS. One of the first examples of
Finsler foliations is the partition of M into the fibers of a Finsler submer-
sion. Recall that a submersion 7 : (M, F) — (B, F) between Finsler manifolds
is a Finsler submersion if dm,(Bf(0,1)) = Bf(p) (0,1), for every p € M,
where B['(0,1) and Bf (p)(0,1) are the unit balls of the Minkowski spaces
(TpyM, F,) and (T B, Fr(p)) centered at 0, respectively. Examples and a few

properties of Finsler submersions can be found in [3] and [7].
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Recall that we say that a geodesic v : I C R — M is horizontal if 4(¢) is an
orthogonal vector to the fiber 7= (7(y(t))) for every t € I. Here we just need
to recall the lift property (see [7, Theorem 3.1]).

PROPOSITION 2.3: Let 7 : (M, F) — (B, F) be a Finsler submersion. Then an
immersed curve on B is a geodesic if and only if its horizontal lifts are geodesics
on M. In particular, the geodesics of (B, F ) are precisely the projections of
horizontal geodesics of (M, F).

This result allows us to get a geodesic field on (M, F) that projects on a
geodesic field on (B, F ), which will simplify many computations.

PROPOSITION 2.4: Let 7 : (M, F) — (B, F) be a Finsler submersion and V* a
geodesic field in some open subset U of B. Then the horizontal lift V of V* is a
geodesic vector field on U = 7= (U) and the restriction 7|y : (U, g&) — (U, 95*)
is a Riemannian submersion, where g¥ and gF are the fundamental tensors of F'
and F, respectively.

Proof. That V is a geodesic field follows from Proposition 2.3, while the last
statement is a consequence of [7, Prop. 2.2]. |

A Finsler foliation of M is a regular foliation F such that at every point
p € M, there exists a neighborhood U in such a way that F|y can be obtained
as the fibers of a Finsler submersion. This is equivalent to the property of
transnormality:

if a geodesic is orthogonal to one leaf of F,

22) then it is orthogonal to all the fibers it meets.

Recall that a singular foliation of M is a partition of M by submanifolds,
which are called leaves as in the case of regular foliations, with the following
property: given p € M, if v € T, M is a vector tangent to a leaf, there exists
a smooth vector field X in a neighborhood of p such that X, = v and X
is always tangent to the leaves of the foliation. This is equivalent to saying
that for each p there exists a neighborhood U of p, a neighborhood B(0) of 0
in R*, and a submersion 7 : U — B(0) C R* so that each fiber 771(x),
with z € B(0), is contained in a leaf, and P, = 7~!(0) is a precompact open
subset of the leaf L, that contains p (see [3, Lemma 3.8]). The submanifold P,
is called plaque. Note that k here is the codimension of L, and B(0) can
be considered to be a transverse submanifold S, to P,. By definition, the
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leaves F on U must intersect S,. Finally, we say that the singular foliation is
Finsler if the property (2.2) holds. If P, is a plaque, there exist future and
past tubular neighborhoods denoted, respectively, by O(F,,¢) and @(Pq,s) of
a certain radius € > 0 (see [8]) and in these tubular neighborhoods a singular
Finsler foliation can be characterized using the cylinders

C,.Jrl(Pq):{p €M :dp(Py,p)=r1} and C. (P)={pe M :dr(p,P;) =2},

where dp(P,,p) is computed as the infimum of the lengths of curves from P,
to p and dp(p, Py) as the infimum of the lengths of curves from p to P,. Recall
that given = € O(F,,¢) (resp. @(Pq, g)), the plaque P, is the connected com-
ponent which contains « of the intersection of the leaf through « with O(P,, ¢)
(resp. O(P,,¢)).

LEMMA 2.5: A singular foliation F is Finsler if and only if its leaves are lo-
cally equidistant, i.e., if its leaves satisfy the following property: if a point x
belongs to the future cylinder C;f (P,) (resp. the past cylinder C,_ (P,)), then the
plaque P, of the future (resp. past) tubular neighborhood is contained in C;- (P,)

(resp. C.,(Py)).

A proof of the above characterization can be found in [3, Lemma 3.7].

n
|I,‘l

Figure 1. Figure generated by the software geogebra.org, il-

P

[

lustrating a few concepts of §2.5, such as a future cylinder
CF(P,) of a plaque P,, other plaques contained in this fu-
ture cylinder and the normal cone at ¢ denoted by v,F,,
i.e, the set of vectors & € T,M so that g¢({,X) = 0 for all
X €T, P,. Here the leaves are the fibers of the Finsler submer-
sion 7: (M, F)— (B, F), where M =R3, B=R?, 7(z) = (x1, 22)
and F and F are Randers metrics having the Euclidean metrics
and the winds W= (3,0, sz(f%) and W:(%,O) as Zermelo
data, respectively.
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Remark 2.6: Given a (singular) Riemannian foliation F with closed leaves on a
complete Riemannian manifold (M, h) and an F-basic vector field W, then F is
a (singular) Finsler foliation for the Randers metric with Zermelo data (h, W);
cf. [3, Example 2.13]. The converse is also true. In fact, according with [3,
Theorem 1.1], every singular Finsler foliation with closed leaves on Randers
spaces (M, F) is produced in this way.

3. Wilking’s construction

n [46], Wilking proved the smoothness of the Sharafutdinov retraction and
studied dual foliations of singular Riemannian foliations (SRF for short). For
that, he used results on self-adjoint spaces, regular distributions along geodesics
and Morse—-Sturm systems along these distributions; see also [18]. These tools
turn out to be quite useful in the study of the transversal geometry of SRF’s (see,

g., [31]). Roughly speaking, given an SRF F on M, for each horizontal geo-
desic v (that may cross singular leaves) one can define a distribution ¢ — H(t)

along vy so that #H(t) is the normal distribution v, (L) when ~(t) lies in a
regular leaf; for the sake of simplicity we call this distribution Wilking’s distri-
bution. In addition, when the leaves of F are closed and 7 : M — M/F is the
canonical projection, being the quotient M/F a manifold with the induced Rie-
mannian metric, one can identify the Jacobi fields along 7oy with the solutions
of a Morse—Sturm system along ¢ — H(t), the so-called transversal Jacobi field
equation.

In this section we review the Finsler version of these objects; see Defini-
tion 3.7. We also present a few results on Finsler Jacobi fields, whose proofs
will be given in §5.2.

Definition 3.1: Let v : I C R — M be a geodesic of a Finsler manifold (M, F')
and W a linear subspace of Jacobi fields so that v is orthogonal to the elements
of W, ie., g4(%,J) = 0 for every J € W. The vector space W is said to be
self-adjoint if g (J7, J2) = ¢4(J1, J3), for Ji, Jo € W.

Remark 3.2: One can prove that given two Jacobi fields J; and Jo along -,
then g4 (J1, J2) —g+(J1, J3) is constant on the interval I. Therefore to show that
a vector space W of Jacobi fields is self-adjoint, it suffices to check
that gs40)(J1 (o), J2(t0)) = g4(t0)(J1(t0), J5(to)) for some to € I (see for, exam-
ple, [27, Prop. 3.18]).
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In the next lemma, we present the distribution ¢ — H(t) associated with
a general subspace V of W as well as the (generalized) transversal Jacobi field
equation.

LEMMA 3.3: Let W be an (n—1)-self-adjoint vector space of Jacobi fields orthog-
onal to a geodesic v : I C R — M on a Finsler manifold (M™, F). Let V be a
linear subspace of W and hence also a self-adjoint space. Define the subspace V(t)
of TyyyM for every t € I as

V(t) == {J(t)|J e v} @ {J'(t)|J €V, J(t) = 0}.

(a) Then dimV(t) = dimV for every t € I. Furthermore, the second sum-
mand is trivial for almost every t.

(b) Lett — H(t) be the orthogonal complement of V(t) with respect to g ),
ie., w € H(t) if and only if g (u,w) = 0 for all u € V(t). Let ()
and (-)° be the orthogonal projections (with respect to g+) into H(t)
and V(t), respectively. Then if J € W, JY fulfills the transversal Jacobi

equation, i.e.,
(3.1) (DO)(J9) + (R ()" — 3(A,)2(J) =0,

where DY is the induced connection on the horizontal bundle, which is
defined as DY(X) = ((X")")Y, and A., is the O’ Neill tensor along the
geodesic 7, i.e., A (X) := ((X"))° + ((X®))" for every X € X(v).

(¢) If Jy,...,J. is a basis of V with r = dimV such that at t, € I,

Ji(to) = -+ = Jp(to) =0 and J;(to) #0 fori=1,...,k — 1, then
1 1
Ji(0), . Tt 0, —— T (t
1()7 ’kl()7t*t0 k()a ’t*to ()
is a continuous basis of V(t) for every t in (to —e,to + ) N1\ {to} for
some € > 0, with lim;_,, ﬁ]i(t) = J/(to) foralli =k,...,r.

Proof. First, observe that given tg € I, there exists a neighborhood U C M
of ¥(tg) which admits a geodesic vector field V' such that (t) CU and V) =5(t)
for all t € I. = (tg — e,to + €) NI for some € > 0. From Proposition 2.2, we
conclude that W and V are also self-adjoint spaces of (Riemannian) Jacobi fields
with respect to the Riemannian metric § := gy . Since the lemma is already true
for self-adjoint spaces of Riemannian Jacobi fields (see [18, Chapter 1]), it is also
valid in the Finsler case for ¢ € I. Indeed, part (a) follows from [18, Lemma 1.7.1]
(for the triviality of the second summand, observe that the interval I can be
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covered by a countable number of intervals I, with geodesic vector fields V;,
i € IN, as above). Part (b) follows from the equation above [18, Eq. (1.7.7)]
observing that if A(t) : V(t) — H(t) and its dual A*(¢) : H(t) — V(¢) are the
linear operators defined below [18, Eq. (1.7.4)] (which are also naturally defined
for Finsler metrics), then A,|yy = —A* and A,y = A. In fact, when ty is
regular (the second summand in part (a) is trivial), for every u € V(t), there
exists a Jacobi field J € V such that J(tg) = u. Then A(tg)u = (J')°(to), but
as J° = J, it follows that A, |y ) = A(to). Moreover,

95 (A l100)(X), Z) = —94(X, Ay [ye) (Z))
= g5(X, = A(t0)(2)) = g5(=A"(t0)(X), Z),

which allows us to conclude that A, |z = —A*(to). This implies, taking into
account the equation above [18, Eq. (1.7.7)], that Equation (3.1) holds for every
regular instant, and, by continuity, for all ¢ € I, as regular instants are dense by
part (a). We stress that, by Proposition 2.2, the O’Neill tensor of v computed
with gy coincides with that computed with F. Finally, for part (c), see the
proof of [18, Lemma 1.7.1]. |

As we will see below, an example of (n — 1)-self-adjoint space W is the space
of L-Jacobi fields for a submanifold L along a geodesic v which is orthogonal
to L. In the case where L is a fiber of a Finsler submersion 7 : M — B, V is the
space of holonomic Jacobi fields, i.e., those Jacobi fields whose m-projections
are zero. Also in this case, the transversal Jacobi field equation along v will be
identified with a Jacobi field equation along a geodesic in B (see Remark 3.9).

LEMMA 3.4: Let L be a submanifold on a Finsler manifold (M™, F) and
v: 1 CR — M a geodesic orthogonal to L at ty € I. Consider W the vector
space of L-Jacobi fields orthogonal to v. Then W is a self-adjoint space of di-
mension n — 1.

Proof. See §5.2.1. |

PROPOSITION 3.5: Let (M, F') be a Finsler manifold and L a submanifold of M.
Given a geodesic v : I = [a,b] C R — M orthogonal to L at the instant to, we
have that a vector field J along -y is L-Jacobi if and only if it is the variation
vector field of a variation whose longitudinal curves are L-orthogonal geodesics.

Proof. See §5.2.2. |
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When L is a fiber of a Finsler submersion and J is an L-Jacobi field tangent
to the fibers, then J turns out to be the variation vector field of a variation
determined by endpoint maps 7, as we will see in the next lemma.

LEMMA 3.6: Consider a Finsler submersion = : (M,F) — (B,F), and
set L =n"1(b) for some b € B. Let v : I — M be a geodesic orthogonal
to L at to € I and t — J(t) be an L-Jacobi field along ~ with J(to) tangent
to T,L where p = ~y(to). Also assume that J is gy-orthogonal to y. Then the
following items are equivalent:

(a) J is a vertical (holonomy) Jacobi field, i.e., J is always tangent to the
fibers of 7. In other words J" = 0.

(b) There exists a curve f : (—e,e) C R — L with J(to) = £(0), such
that if £ is the normal basic vector field along L with &, = 4(to) and
I x (—e,e) = M is the variation

(t7 S) - w(ﬁa 3) = Vﬁg(s)(t - tO) = Uéito (ﬁ(s))’

then

Proof. See §5.2.3. |

Definition 3.7: Let F be a partition by stratified submanifolds of M such that
there exists an open neighborhood U C M where the partition F|y is a regular
Finsler foliation of U. Given a geodesic v : I € R — M and tyg € I such
that y(to) € U and “(to) € v(L,)), denoting by L, the fiber of F|y which
contains p € U, let W be the self-adjoint space of L. ,)-Jacobi fields orthog-
onal to 7 defined in Lemma 3.4 and V the subspace of W such that J € V iff
J(t) € TyyLy) for all t € (to — ¢,to + €), where ¢ > 0 is small enough to
guarantee that y(to — e, to +¢) C U. Then the distributions t — V(t), t — H(t)
and the differential equation (3.1) associated with the self-adjoint spaces W and
V are called the Wilking distributions and the transversal Jacobi field
equation along ~y starting at {y(to), L)}

Remark 3.8: Note that even when F is a singular foliation, the distributions
t — V(t), t = H(t) and the differential equation (3.1) are well defined for all ¢
including the case where ~(t) is a singular point. Also note that the transversal
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™~

~

Figure 2. Figure generated by the software geogebra.org, il-
lustrating the Wilking distributions ¢ — H(t) and ¢t — V()
associated with the singular Finsler foliation F, = {77 (c)}
on the neighborhood B3 (0) C R? where 7 : R® — R? is de-
fined as m(z) = (23 + 23, x3). The Finsler metric F restricted
to Bs/5(0) is the Randers metric having the Euclidean metric

and the wind W = (=%, %,0) as Zermelo data.

Jacobi field equation (3.1) is a Morse-Sturm system; see [17, 29, 31, 37]. Al-
though the distribution V(t) coincides with the tangent space of L. until v
crosses a singular leaf, it does not follow straightforwardly that V(¢) should
always be tangent to the regular leaves for all ¢ (even at regular leaves after
crossing the first singular leaf). This is the case when F is the foliation studied
in §4 obtained as the fibers of an analytic Finsler submersion.

Remark 3.9: By applying Proposition 3.5 we can infer useful natural interpre-
tations of the transversal Jacobi field equation. Let m : M — B be a Finsler
submersion and L a fiber, i.e., L = 7=1(b), for any b € B. Let p € L and r,
be a horizontal geodesic starting at p, i.e., p = 7,(0). Then the transversal
Jacobi equation along -, starting at L. () can be identified with the Jacobi
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field equation along the geodesic m o <, in B. Indeed, the transversal Jacobi
equation is the horizontal lift to M of the Jacobi equation on B. To check
this, consider a geodesic vector field V whose integral curves are horizontal
geodesics of (M, F), being V* = dmr o V, and recall that, by Proposition 2.4,
7w (M,gv) = (B,gv~) is a Riemannian submersion. Then use the relation
between the Levi-Civita connection of (B, gy~) and the horizontal part of the
Levi-Civita connection of (M, gy) when applied to basic vector fields (see [34,
Lemma 1 (3)]) and the relation between the horizontal part of their curvature
tensors in [34, Theorem 2 {4}] taking into account Proposition 2.2. In addition,
if x € L and +y, is a horizontal geodesic starting at x so that mo~y, = mo~,, then
the transversal Jacobi field equation along v, starting at L, and the transversal
Jacobi field equation along 7, starting at L, can be identified with each other.
As we will see from Lemmas 4.3 and 4.5, this interpretation will also hold for
analytic singular Finsler submersions.

4. Proof of Theorem 1.1

In this section we prove Theorem 1.1 adapting an argument of [1] and using
Wilking’s distributions; recall Definition 3.7. Let 7 : M™ — B* be an analytic
map. In the first subsection, assuming 7 is a Finsler submersion on an open
subset of M, we prove that 7 is a Finsler submersion on the regular part My and
the regular fibers are equifocal submanifolds. In the second part, we will assume
that the fibers constitute a singular foliation and will prove the transnormality.

4.1. EQUIFOCALITY. Let g€ M be a regular point of 7, ¢ = 7(q) and L=7"1(c).
We will consider a unit basic vector field ¢ along a neighborhood of ¢ in L, i.e.,
¢ is orthogonal to L, projectible and F'(§) = 1. We will show that L is a regular
fiber of 7 by extending this basic vector field along L (Lemma 4.1) and will
check part (b) of Theorem 1.1. More precisely, in Lemma 4.3, we will prove
that n¢(L) is contained in a fiber of 7 and in Lemmas 4.9 and 4.10, that dnj
has constant rank for all .

LEMMA 4.1: Ifp € M is a regular point of m and there exists a neighborhood U
of p in (the regular part of) L, such that F is constant on basic vector fields
on U, then L, is regular and F' is constant on basic vector fields on L.
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Proof. Let us denote by Lﬁ the connected component of p of this regular part
(which is open) and & a basic vector field on Lg, which is analytic as all the data
is analytic. Then as, by hypothesis, the function F o ¢ : Lg — R is constant in
a neighborhood of p, it must be constant everywhere. Now consider a point ¢
in the boundary of L]If'. As F o £ is constant, if one considers a sequence of
points {g,} C Lf‘ such that lim,_, ¢, = ¢, then the sequence of vectors &,
is precompact in T'M and it converges to some v, € Ty M up to a subsequence.
Let é = dr (), which is well-defined because ¢ is basic. By continuity, the
vector v, projects to é , and since this can be done for every é € Trp B (with
the corresponding basic lift), it turns out that the points of the boundary are
regular and F is constant on . |

Remark 4.2: As a consequence of Lemma 4.1, the assumption that F is a
Finsler foliation restricted to some open subset U C M implies that there
exists a saturated open subset where 7 is a Finsler submersion. Namely, con-
sider w(U), which is open because 7 is a submersion and then 7T|,T—1(,T(U)) is a

Finsler submersion for a certain Finsler metric on = (U).
LEMMA 4.3: Forallr € R, there exists a value d € B such that n; (L) C 7~ (d).

Proof. Assume that r > 0 (the case r < 0 is analogous and r = 0 is trivial).
Consider z,y € L and set

Ti={to € [0.7): m(re. (1)) = wle, (1)) for ¢ < to}.

Note that the set I is not empty, because 7 restricted to a neighborhood of L is
a Finsler submersion (recall Remark 4.2). The set I is closed due to continuity
and it is an open set because 7 is an analytic map and geodesics of an analytic
Finsler metric are also analytic. Therefore I = [0,7] and this concludes the
proof. |

Fix x € L, and consider the geodesic ¢, . Since, by Remark 4.2, 7 is a Finsler
submersion on a neighborhood of z, we can define along the geodesic 7¢, the
Wilking distribution pair ¢t — (#(t), V(t)) (recall Definition 3.7).

LEMMA 4.4: If x € L and p = 7, (to) is a regular point of w, then the Wilking
distribution V(t¢) coincides with the tangent space to L,. Moreover, the dis-
tributions t — V(t) and t — H(t) are analytic and the singular points of ~ye,
(lying in a singular level set) are isolated.



Vol. TBD, 2023 EQUIFOCAL FINSLER SUBMANIFOLDS 19

Proof. Recall by part (c) of Lemma 3.3 that there is a basis Jy,...,J, of V
with » = dimV such that at to, Ji(to) = --- = Jp(to) = 0 and J;(to) # 0
fori=1,...,k—1. Then
1 1

), .., Jo(t

g e T ()
is a continuous basis of V(t) for every t in (tg — &,t9 + €) for some & > 0, with
limy 4, ﬁJi(t) = J/(to) for all i = k,...,r. By Lemma 3.6, J;(t) = dné(vi)
for some vector v; € T, L for all i = 1,...,r, and by Lemma 4.3, all J;(¢) are

(4.1) L), Tea(t)

tangent to L., () for all £. By continuity, J]'< (t) is also tangent to L, @ for
j =k,...,r. This implies that V(to) is contained in the tangent space to L.
As they have the same dimension, they coincide. The analyticity of V and H
follows from the basis of V(t) in (4.1), as the vector fields J;(t) = ﬁJj (t)
extend analytically to g making

Jj(to) = Jj(to)

as Jj(to) =0 and J; is analytic, for j = k,...,r. Up to the singular points
of ¢, , consider an analytic frame of the horizontal space #H, namely, analytic
vector fields along ve,, Hu,..., Ho—r such that Hy(t),..., H,—(t) is a basis
of H(t) for every t (this can be obtained using the D-parallel transport). Then
when choosing an analytic frame along 7o e, Er,..., EFnp_y, the determinant
of the transformation matrix with respect to dw o Hy,...,dw o H,_, can only
have isolated zeroes or being zero everywhere. As it is not zero close to tg, it
has only isolated zeroes. Even if one cannot ensure the existence of a global
frame for mo -y, , it is enough to recover its domain with frames which intersect
in open subsets to conclude that the singular points along 7¢, are isolated.
Observe that, by Lemma 4.1, the singular points of 7 can only lie in singular
levels. |

LEMMA 4.5: If p = ¢, (t) is a regular point of m, then e, is orthogonal to Ly,.

Proof. Observe that fi(t) = g5 (Je,(t), Ji(t)) and hi(t) = g5, (Fe, (t), Ji(t))
are analytic functions for each J; € V in the basis of part (c) of Lemma 3.3,
and if ¢, (t) is a regular point of m, then, by Lemma 4.4, T, () L+, () = V(t).
As 7 is a Finsler submersion in a neighborhood of L (recall Remark 4.2), f;
and h; are identically zero, and, in particular, by part (c) of Lemma 3.3, e, is
orthogonal to L. |
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LEMMA 4.6: If there exists a neighborhood U of M such that F,|v is a Finsler
foliation, then F, is a Finsler foliation when restricted to the open subset of

regular points of 7.

Proof. Fix q € U. The first observation is that, by Remark 4.2, 7 is a Finsler
submersion when restricted to 7= '(7(U)) and L, is a closed submanifold.
Given p€ M, aregular point of M, there exists a minimizing geodesic v : [0,b] =M
from L, to p, and it follows from the Finsler Morse index Theorem (see [36])
that there is no focal point on [0,b). As + minimizes the distance from Lg, it
must be orthogonal to Ly, and then, by Lemma 4.5, orthogonal to all the regular
fibers of . Now consider the basic vector field £ along L, such that &,y = ¥(0).
Then the map né : Ly — L) is a diffeomorphism on a neighborhood of v(0)
for every t € [0,b). Fix an instant ty € (0,b) such that v(to) is a regular point
of 7 (recall that, by Lemma 4.4, singular points are isolated along ), then by
continuity and the compactness of [0, ], it is possible to choose a neighbor-
hood U C L, where 772 LU = L) is a diffeomorphism onto the image for
all t € [0,t0]. Given a vector v horizontal to Uy = 772“([7) at po = 772“ (qo), for
some qo € U, consider the Wilking distributions 1% (¢y) and V% () along the
horizontal curve e, , and let vY be the projection of v to H%(ty). Consider
the DY-parallel vector field X along ¢, such that X (to) = v" and the vector
field Y along ¢, orthogonal to né(ﬁ ) at each t € [0, to] such that its Wilking
projection to H%® is X (recall [3, Lemma 2.9 (a)]). Let v; be the orthogonal
vector to L, at v(0) such that dm(vi) = dn(Y (0)). Now repeat the process to
obtain a vector field along H?(®) (the horizontal Wilking distribution along )
and Y horizontal to né(l_’Nf) such that its Wilking projection to HY(©) (), X =Y,
is DY-parallel and X (0) = v¥ (see Figure 3). Let us observe that if we prove
that

(4.2) dr(Y (t)) = dr(Y (t)) for all t € [0, t0],

then, for ¢ close to 0, F(Y(t)) = F(Y(t)), because 7 is a Finsler submer-
sion, but, by analyticity, this will be true for all ¢ € [0,t5]. This implies

that F'(v) = F(Y (to)), and, in particular, that F' is constant on basic vector
fields along Uy. By Lemma 4.1, F' is constant on basic vector fields along the
whole fiber L, (,). Finally, by continuity, this is also true for L,. So, let us

prove Equation (4.2), which is equivalent to proving that dn (X (t)) = dn (X (t)).



Vol. TBD, 2023 EQUIFOCAL FINSLER SUBMANIFOLDS 21

Figure 3. Figure generated by the software geogebra.org, illus-
trating the definition of the vector fields X and Y along ~g,
and X and Y along ~.

This equivalence follows from the fact that
dr(V® (1)) = dx (V'O (t)) = {0},
because

Ty, e (0) = V1), Tynt(0) =V O()
and
772([7) - ngqo ) = Ly

(recall that we assume that 7¢|5 is a diffeomorphism onto the image for t € [0,t0]).
By analyticity, we only have to prove that this holds for ¢ close to 0. But
this is true, because the DP-parallel transport in a Riemannian submersion is
the horizontal lift of the parallel transport in the base. In our case, the DY-
parallel transport coincides with the lift of the parallel transport induced by gy «,
where V* is a (local) geodesic vector field in the base tangent to 7 o 7, consid-
ering the Riemannian metric gy on M, where V is the horizontal lift of V*,
being g and g, the fundamental tensors of the Finsler metrics on M and B,
respectively. Recall that the normal distribution with respect to gy coincides
with the Wilking distribution and then we can use Proposition 2.4. So, the
proof is concluded. |
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Remark 4.7: Observe that as a consequence of Lemmas 4.4, 4.5 and 4.6, given a
geodesic which is horizontal in one regular point, then it is horizontal in all the
regular points and, by continuity (using Lemma 4.4), the Wilking distribution
does not depend on the regular instant chosen as initial point. Let us see that
the solutions to the transversal Jacobi equation of two horizontal geodesics with
the same projection can be identified.

LEMMA 4.8: Consider a geodesic y of (M, F') which is horizontal at the regular
points. It holds that

(a) if X is a solution of the transversal Jacobi equation of + in Equa-
tion (3.1), then along the regular instants of v, dm o X is a Jacobi
field of w o v, and the solutions of the transversal Jacobi equation are
characterized by this property,

(b) if « is another geodesic which is horizontal in the regular points
with woy = mwoq, then there exists a vector field Y along o« which fulfills
the transversal Jacobi equation of o and such that dm o X = dnroY
and g;(X, X) = ga(Y,Y),

(¢) v and « provide the same conjugate points of the transversal Jacobi
equation.

Proof. For part (a), recall Remark 3.9, and use that the singular points are
isolated (see Lemma 4.4). For part (b), observe that part (a) implies part (b)
when we restrict v and « to an interval with regular points. Analyticity implies
that Y can be extended to the whole interval with the required properties.
Part (c) is a straightforward consequence of part (b). n

Recall that 7 : M — B is the analytic map of Theorem 1.1, L = 7 1(c) is a
regular fiber and £ is a basic vector field along L. Moreover, by Lemma 4.3, for
all € R, there exists a value d € B such that 7 (L) C 7~ '(d).

LEMMA 4.9: If d is a regular value, then n; : L — 7n~1(d) is a diffeomorphism.

Proof. By Lemma 4.5, 4¢, (r) is orthogonal to 7~ *(d). As 7 is a Finsler sub-
mersion on 7~ *(d) (recall Lemma 4.6), we can extend the normal vector 4, (r)
to a unit basic vector field §~ along the fiber 771(d). It is also possible to check

that ng" is the inverse of 7;. ]
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We have just proved in Lemma 4.9 that 7; : 7' (c) — 7~ (d) is a diffeomor-
phism when d is a regular value, which implies that dr; has constant rank. We
have to check now that dr¢ has constant rank when d is a singular value. This
will be done in Lemma 4.10.

LEMMA 4.10: Consider ng : L — 7 Y(d) with d € B a singular value. Then
dimrank dnyg is constant along L.

Proof. As L is connected, it is enough to prove that dimrank d(ng)z is locally
constant. Consider a point p € L. Since the transversal Jacobi field equation
along e, starting at L is a Morse-Sturm system, there exists a § > 0 so that
any two points in Is = (r — d,r + J) are not conjugate to each other. In other
words, if X is a solution of the transversal Jacobi field along 7¢,, and s1, 52 € I
so that X (s1) =0 = X (s2), then X (¢) = 0 for all ¢; see, e.g., [37, Lemma 2.1].
Also note that this 6 > 0 is the same for other 7¢, for # € L as a consequence
of part (c) of Lemma 4.8. Using again that the critical points of 7 on 7, are
isolated, we can also suppose, reducing ¢ if necessary, that the point ¢, (r) is
the only critical point of 7 on ~y¢, |7, for z € L.

Let 5 € (r — 6,7) and p = ¢, (3). Define the unit vector field £ along Lj so
that & = Je, (5). Recall that 77§ : L, — L is a diffeomorphism (see Lemma
4.9). Set 7 :=r — 5. Also note that

M =g o
Therefore to prove that x — dimrank d(ng)z is locally constant at p € L, it
suffices to prove that Z — dimrank d(ng)i is locally constant at p = n¢(p) € Ly.

We claim that Ls-focal points along the horizontal segment of geodesic
Ve, |(0,7+5) are of tangential type. In other words, Ve, (t1) is a focal point with
multiplicity £ (0 < t; < #+9) if and only if Z is a critical point of the endpoint
map 7723 and dim ker dnéf =k.

In order to prove the claim, consider an Lg-Jacobi field J along

t =z, (1) = e, (t+ 3)
and assume that j(tl) = 0 for some 0 < t; < ¥4+ 3. Let J be the Jacobi
field along ~e, so that J(t) = J(t + 3). Observe that .J is the variation vector
field of a variation by orthogonal geodesics to L; (see Proposition 3.5) and then

its projection is a Jacobi field of 7 o y¢,. By part (a) of Lemma 4.8, J is a
solution of the transversal Jacobi equation. As J?(3) = 0 = JY(3 + t1), from
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the choice of I5 and part (c) of Lemma 4.8, we conclude that J"(¢) = 0 for all ¢.

Therefore JY(t) = 0 for all t. This fact and Lemma 3.6 imply that Ve, (t1) is an

L;-focal point if and only if Z is a critical point of the endpoint map n?.
From what we have discussed above, we have concluded that

(4.3) m(vg,) = dimker dng(:i),

where m(vz, ) denotes the number of L;-focal points on y¢_|(0,7+6), each counted
with its multiplicities.
On the other hand, observe that

(4.4) m(vg,) = m(g, ),

for all £ in some neighborhood of p in Lp, as we know that there is a subspace

of dimension m('ygﬁ) where the Lz-index form of Ve, is negative definite, and

this will remain true for the Lz-index form of Ve, for z close enough to p.
Equations (4.3) and (4.4) together with the elementary inequality

dim ker dng () < dimker dng (p)

" is constant in a

- 3
neighborhood of p on Lz. As n¢ : L, = Lj is a diffeomorphism, it follows

(as dimIm dng () > dimIm dng (p)) imply that dimkerdn

that dim ker dng is constant in a neighborhood of p on L,,, which concludes the
proof. |

4.2. FINSLERIAN CHARACTER. In this section, we will additionally assume that
the fibers constitute a singular foliation and will prove its transnormality. This
will follow directly from Lemmas 4.11, 4.5 and 4.15.

LEMMA 4.11: If Fr is a singular foliation, v is a geodesic with 4(0) € v(L o))
and «(0) is a regular point, then  is horizontal.

Proof. By Lemma 4.5, the geodesic v is orthogonal to the regular leaves as-
sociated with regular values of m. Now suppose that (¢g) is a singular point
and u € Ty (44) L (1,)- Then as (M, F) is a singular foliation, there exists a vec-
tor field X in a neighborhood of «(tg) such that X is tangent to the leaves
and X,,) = u. By Lemma 4.4, the singular points along ~ are isolated,
50 g5(t)(Xq),¥(t)) = 0 for all ¢ close enough to tg. By continuity, we con-
clude that gy, (u,¥(to)) = 0, as desired. |
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Note that the above lemma does not directly imply that the foliation F is a
singular Finsler foliation, because the lemma was only proved for a geodesic vy
starting at a regular point p € L.

LEmMMA 4.12: If F, is a singular foliation and c is a regular value of ,
then nf : m~"(c) — m~'(d) is surjective even when d is a singular value.

Proof. The proof consists of two steps. In the first step we are going to check
that the endpoint map 7 : 7 1(c) — 771(d) is an open map. And in the second
step we have to check that the set 7 (77" (c)) is a closed subset of 7' (d). This
ends the proof because the fibers are connected.

For ¢ = n{(x0) € 7 '(d), consider a plaque P, of 7~*(d) which contains ¢
and a past tubular neighborhood U = O(PF,, ¢) of the plaque P, of radius € > 0.
By Lemma 4.9 and the fact that the singular points along ¢, —are isolated (see
Lemma 4.4) and using Lemma 4.11, we can assume without loss of generality
that zop € U and 7g,, is the minimizing geodesic from x to F;. This implies
that all the geodesics v, with x € U c Unz Yc), U being a small enough
open subset of 77! (c) which contains z, are minimizing geodesics from z to P,
and then

(45) 772 = 7rl/|0ﬂ

where 7" is the (past) footpoint projection. Since F is a singular foliation, the
map 7|5 is open by [3, Lemma 3.10]. This fact and Equation (4.5) imply that
the endpoint map 7¢ is an open map.

Consider a sequence {y,} C 7 (7~ "(c)) that converges to a point y € 7~ (d).
Let {x,} C 7~ '(c) be a sequence so that 7){(x,) = yn. Since, for n big enough,
Zn € B~ (y,2r), denoting

B~ (y,2r)={x € M : dp(z,y) < 2r},

namely, the backward ball of radius 2r centered at y, we have a convergent
subsequence z,,, — « € B~ (y,2r). Therefore

e (z) = limng (v,,) = limy,, =y

and hence y € 77 (7~ (c)). |
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LEMMA 4.13: Let L, be a regular leaf, and L, be a singular leaf. Then they
are parallel, i.e., if yo and y, are points of Ly, then

d(Lpa yO) = d(Lpa yl) and d(yO; Lp) = d(yla Lp)

Proof. For i = 0,1, let 7; : [0,7;] — M be a minimizing segment of geodesic
joining L, with y;, i.e., ¥;(0) € Ly, vi(r;) = y; and

ALy, ys) = / " F(u)dt = ().

Since 77211 is surjective by Lemma 4.12; we can transport v; and get a (maybe
non-unique) new curve ||y; joining L, to yo such that £(||y1) = £(y1). Since 7o
is minimal, we conclude that ¢(79) < £(y1). An analogous argument allows us to
conclude that £(y1) < £(70) and hence, £(y1) = £(70) as required, which implies
that d(Lp,y0) = d(Lp,y1). The other equality is analogous. |

LEMMA 4.14: Given a point § in a singular leaf L, there exists a plaque Py of ¢
admitting a future (resp. past) tubular neighborhood such that if P, is a (regular
or singular) plaque in this neighborhood, then P, C C,f (P;) (resp. P, C C,” (F;))
for an appropriate r.

Proof. We will consider only the future case, as the past one can be recovered
by using the reverse Finsler metric F'(v) = F(—v). Let U be a totally convex
neighborhood of ¢, namely, given two points p1,pes € U there exists a unique
geodesic joining p; to p2 and this geodesic is minimizing (see [44, 45] for their ex-
istence). Now consider a plaque ]35 of §, a future tubular neighborhood U C U,
a smaller plaque P; of ¢ and a future tubular neighborhood U C U of P; such
that if D > 0 is the diameter of U, then BT (p,2D) U B~ (p,2D) C U for ev-
ery p € U. Let ¢ € U, P, the plaque of ¢ € U, and yo,y1 € P;. Our goal is to
check that d(Pz,yo) = d(Pj,y1). This will imply P, C C;F(P;).

For i =0,1, let y; : [0,7;] = M be a minimal segment of geodesic joining Py
with y;, in particular d(Py, y;) = £(v:), for i = 0, 1. Choose an arbitrary regular
point p € M. Then there exists a minimizing geodesic from L, to ¢, whose
singular points are isolated. As a consequence, we can consider a sequence
of regular points p,, of the future tubular neighborhood U converging to ¢.
Moreover, consider a sequence of minimal segments of geodesic 3;" joining P, -
to v;(0) (even if ppm is not necessarily closed, the minimizing geodesic 3] exists
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because p,, € B~ (7i(0), D) C U by the choice of U). In particular,

d(Pp,,,7i(0)) = £(B{").
Finally, consider minimal segments of geodesic v/ : [0, r,,] — M joining ﬁ’pm
to y;, which exist by the same reason as the 8/*’s. It follows that

Uy") = d(Pp,, y:) and  £(3") < Llvix Br,),

where % stands for the concatenation of the two curves.

Figure 4. The diagram to the left represents the different

curves used in the proof of Lemma 4.14. The diagram to the
right depicts both plaques P; and 1515. The minimizing curves
inside the tubular neighborhood U exist as short curves and
cannot reach the boundary, because of the hypothesis on the
diameter.

Observe that the image of the curves 4™ is contained in B~ (y;, D). As
a consequence, there exists a convergent subsequence ’y;”“ (0) converging to
some p € ﬁ’q cU (recall that the plaques ﬁ’pm in U must necessarily converge
to ﬁ’q). As all the sequence and the limit lie in the convex neighborhood U,
we can guarantee that ~,* converges to a segment of geodesic 7; joining ﬁq
to y;. By Lemma 4.13, ¢(8/") — 0 when m — oo, and hence we conclude

that £(%;) < £(~;). Since d(Pg,yi) =d(Pj,y:)=£(vi), we infer that £(%;)=£(;).
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On the other hand, as the points p,,, are regular, one can apply the same tech-
niques of parallel transport of the proof of Lemma 4.13 to prove
that £(75") = £(v]") and hence £(31) = £(%). Therefore ¢(yo) = €(y1) and
this concludes the proof of the lemma. |

LEMMA 4.15: Let x be a point of a singular leaf Lz. Then the geodesic e, is
horizontal, i.e., orthogonal to the leaves of the singular foliation F = {n~1(c)}.

Proof. The proof follows directly from Lemmas 4.14 and 2.5. |

Remark 4.16: It is natural to wonder if it is possible to remove the assumption
of being a smooth singular foliation in part (c) of Theorem 1.1. One possibility
to face this problem is using the techniques of [33], since we have already proved
the analog of [33, Proposition 26] in Lemma 4.6 and the analog of [33, Proposi-
tion 27] in Lemma 4.9. Furthermore, to obtain the analog of [33, Proposition 28|
one should deal with completions of non-symmetric distances (see [16]). One
of the most challenging parts could be to prove that n; : 77 '(c) — 7~'(d) is
surjective (the analog of [33, Proposition 29]) without assuming that F is a
singular foliation (recall Lemma 4.12). This fact could be important to show
that (the analog of) the extension map obtained in [33, Theorem 25] can be
identified with 7.

5. On Jacobi fields and curvature in Finsler Geometry

5.1. ANISOTROPIC CONNECTION AND CURVATURE. In this section we review a
few facts about anisotropic connections; see [24, 25].

As the tensors associated with Finsler metrics depend on the direction
v e€TM\O, it is necessarily a connection that takes into account this fact,
namely, it depends on the direction. In the following, we will denote by X (M)
the space of smooth vector fields on M and by F(M) the subset of smooth real
functions on M.
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Definition 5.1: An anisotropic connection is a map
V:iAxX(M)xX(M)—TM,
(v, X, Y)—» V%Y e T,M\ 0,

with v € T, M, where A = TM \ 0, such that for any X,Y € X(M), the map
A>v— V%Y € TM is smooth, and for all p € M and v € T,M \ {0},
(i) V%Y +2)=V%Y + V% Z, for any X,Y,Z € X(M),
(i) V%(fY) =X,(N)Y, + f(p)V%Y for any X, Y € X(M) and f € F(M),
(i) VixinyZ = f()VXZ + h(p)Vy Z, for any X,Y,Z € X(M) and
f.h € F(M).

Observe that the properties (ii) and (iii) imply, respectively, that V%Y de-
pends only on the value of Y on a neighborhood of p, and on the value of X,.
So sometimes we will put only X, and it will make sense to compute V%Y in a
chart. If (Q,¢ = (z!,...,2")) is a chart of M, with its associated partial vector
fields denoted by 04, ..., d,, the Christoffel symbols of V are the functions
Fkij :TQ\O0 =R, i,j,k=1,...,n, determined by

n
k
(5.1) V5,0 =Y Tk (v)0k,
k=1
for i,7 = 1,...,n. Given a vector field V without singularities on an open

set Q C M, the anisotropic connection V induces an affine connection VV on
defined as (V%Y), = V;pf/ for any X,Y € %(Q), where X,Y € X(M) are
extensions of X and Y, respectively, namely, they coincide with X and Y in a
neighborhood of p € 2. Moreover, if we define the vertical derivative of V
as the (1, 3)-anisotropic tensor P given by

[o s
Pv(Xv Yv Z) = a(VX—HZPY”t:Oa

forpe M,veT,M\{0} and X,Y, Z € X(M), then it is possible to define the

curvature tensor of the anisotropic connection as
(5.2) Ry(X,Y)Z = (RV)(X,Y)Z — (Py),(Y, Z,V%V) + (Py),(X, Z,VVV),

where V € X(Q) is an extension of v € T,M \ 0, XY, Z € X(M), Py is the
tensor such that (Py), = Py, and RY is the curvature tensor of the affine
connection VV. It is important to observe that the curvature tensor R, does
not depend on the vector fields V, X, Y, Z chosen to make the computation, but
only on v,X,,Y, and Z,, [25, Prop. 2.5]. With an anisotropic connection at
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hand, we can also compute the tensor derivative of any anisotropic tensor (see
[24, §3]), and this computation can be done using V" (see [24, Remark 15]).
In most of the references of Finsler Geometry, they use a connection along the
vertical bundle of TM. For a relationship between both types of connections
see [24, §4.4].

5.2. A FEW PROOFS ABOUT FINSLER JACOBI FIELDS. Here, for the sake of
completeness, we present the proof of a few results about Jacobi fields that we
have used.

5.2.1. Proof of Lemma 3.4. Consider Jy, Jo € W. Using the shape operator Ss ;)
(see Definition 2.1), it follows that

Gi(to) (J1(t0), J2(0)) =Gs(t0) (Si(t0) (J1(t0)), J2(t0))
=0s(t0) (J1(t0), Sy(t0) (J2(t0))) = G3(20) (J1(t0), J5(t0)),

using that Sy ;,) is self-adjoint (see [27, Prop. 3.5]). As we saw in Remark 3.2
this implies that W is self-adjoint for all ¢.

In order to see that the dimension of W is equal to n — 1, observe first that the
dimension of the L-Jacobi fields is n. Recall that for every t € I, if we define

Y(t)E = {v € TyyM : g5y (¥(2),v) = 0},
we have the splitting
(5.3) TyyM = span{#(t)} +4(1)*,
and we will denote by tan, : X(v) — X(v) and nory : X(y) — X(v) the
first and second projection of the splitting (5.3) at every ¢ € I. Observe that
given an arbitrary Jacobi field J, then J7 = tan,.J and J += nor,J are again
Jacobi fields along 7 (see, for example, [27, Lemma 3.17]). Moreover, as J is
L-Jacobi, then J(to) is tangent to L and therefore g;;,)-orthogonal to §(to). As
a consequence, J7 (ty) = 0. Taking into account that a Jacobi field is tangent
to «y if and only if J(t) = (a1t + a2)¥(t) (see [27, Lemma 3.17 (i)]), we conclude
that JZ(t) = a1t¥(t), which is an L-Jacobi field and then J* is also an L-
Jacobi field, because J* = J — JT. Let J..(7) be the space of L-Jacobi fields
along v and J/ (v) = {J € J(7) : J- =0}, Tp-(v) = {J € Tu(v) : J* = 0}.
Therefore, we have a map
¢ JIL(7) x T (7) = Te(v),
(Jl, JQ) — Jl + JQ,
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which is well-defined and one-to-one. As we have seen above that J7 (v) has
dimension one, it follows that J;-(y) has dimension n — 1, which concludes the
proof.

5.2.2. Proof of Proposition 3.5. Observe that the dimension of the submani-
fold TL+ C TM of orthogonal vectors to L is n = dim M (see for example
[27, Lemma 3.3]). Now consider a curve (—¢,e) > s — N(s) € TL*, with
B(s) = p(N(s)) a curve in L such that N(0) = 4(to) (where p : TM — M is
the natural projection). We can construct a variation A(t,s) = yn(s)(t — to),
A : I x (—¢,e) = M, which is given by the L-orthogonal geodesics vy ;) whose
velocity at 0 is N(s). Observe that

Alto,) = B(s), 53 (t0.8) = N(s), 5 (t0,5) = As).

It is not difficult to show that V(t) = 22(¢,0) is an L-Jacobi field along .
Indeed, it is Jacobi, because its longitudinal curves are geodesics (see [27,
Prop. 3.13]). In order to show that it is L-Jacobi, observe that V (to) = £(0)
and if (€2, ) is a chart in a neighborhood of v(tg), with N*, 8 ~% i =1,...,n,
the coordinates of N, 5 and ~, and Fé- x - T2\ 0 — R the Christoffel symbols of
the Chern connection in (£, ¢), then

(5.4)  V'(to) = DIV (to) = DIN(0) = (N'(0) + 57 (0)3* (o) T (¥(t0))) 0%

(using [27, Eq. (7)] in the second equality). Therefore V (¢y) is tangent to L
and the second equality of (5.4) implies that tang(tO)V’(to) = Sit0)(V(t0)),
which concludes that V' is L-Jacobi. In order to see that all the L-Jacobi fields
can be obtained with variations of L-orthogonal geodesics, observe that the
formula (5.4) allows us to define a map

P Tyuo)TLT = Ty M X Ty 1) M,

defined as p(N(0)) = (V(to), V'(to)). It is straightforward to check, using (5.4),
that p is injective. Indeed, this follows from the expression of the coordi-
nates of %(0) in a natural chart of TTM associated with (€, ¢), which are
710),...,4™(0), ﬁl(to),...,fy’L(tO),Bl(O),...,B"(O),Nl(o),...',N"(O), taking
into account that, by definition, N(0) = (¢o) and V(t9) = 5(0). Moreover,
as we have seen above, the image of p is contained in the initial values for the
Cauchy problem of L-Jacobi fields. As the dimension of T—'},(to)TLl coincides
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with the dimension of the space of L-Jacobi fields (in both cases, the dimen-
sion is m), this easily implies that every L-Jacobi field can be realized as the
variational vector field of a variation by L-orthogonal geodesics.

5.2.3. Proof of Lemma 3.6. The fact that (b) implies (a) follows from Propo-
sition 2.3, because all the geodesics in the variation ¢ project into the same
geodesic on B, and as a consequence J(t) = Z(t,0) is vertical for every ¢ € I.
Let us check that (a) implies (b). First note that J is determined by its first
initial condition J(tg), because J is vertical. In fact assume by contradiction
that there exists another vertical L-Jacobi field J so that J(to) = J(to) and
J #J. Set J:=.J —J. Hence J is a vertical Jacobi field with .J(to) = 0, and

then

Lo )
T(to) = Jim ——-J (1)

which implies that J'(to) is also tangent to L. Being J L-Jacobi (recall Defi-
nition 2.1), it follows that the tangent part to L of J'(t) is zero, which con-
cludes that J = 0, as both initial conditions are zero. Now consider a curve
B : (—e,e) — L such that 5(0) = J(to) and the Jacobi field J(t) = Z(t,0),
1 being the variation defined in part (b). The fact that (a) implies (b) follows
from the above discussion since J(to) = J(tg) = % (t,0), and then J = J.
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